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The writing of this paper was motivated by Saunders Mac Lane’s recent 
interesting historical survey of the interpretation ‘of cohomology groupsr 
which appears as an appendix to Holt’s paper [ 121. In this note, 
recognises the contributions of Gerstenhaber [9] and ~uebschm~ 
omits to mention those works not specifically couched in the language of 
groups 
undoubtedly most people who work in this general area are more 
interested in the applications to groups. The fact that papers such as 
[ llV Friihlich [S], Coelho [6, 71, and Lue [ 16, 171 were written in 
language of other categories, and that they remain valid for groups, was by 
and large not noticed. This led to a lack of communic , with consequent 
duplication of work and rediscovering of theorems. results of ]5, IS] 
were formulated in the category of associative algebras. owever, it is fairly 
transparent (and regularly pointed out) that the choice of this category was 
purely a convenience. In the introduction to [5], Friihlich explicitly stated 
that the translations into abstract terms is st~aightforward~ and in ~a~t~~~la~ 
the definitions and results apply equally well to any category of gro 
multiple operators in the sense of Higgins [ 111. In conjunction wih 
work therefore, [5, 17-j embrace in their scope much more than as 
algebras-indeed, the category of groups may be regarded as one of the 
easier applications. 
The main idea of [17] was to describe bow the co~omology grou 
associative algebras may be regarded as equivalence classes of 
sequences. The technique used was based on those of Barr [I] an 
Rinehart [2], using ideas originally put forward by Gerste~~aber 
in fact the notion of admissible sequence which wa.s the key to 
and Gerstenhaber’s work was explicit in its description sf such sequences in 
all categories of interest (which includes groups, associative algebras, and 
Lie algebras). 
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The novelty of [ 171 was also in the consideration of cohomology relative 
to a variety, thereby obtaining two theories which in turn were related by a 
connecting sequence (Theorem 20). For particular choices of variety one 
obtained familiar theories. For example, when the variety is taken to be the 
whole category, then our cohomology groups become the classical 
cohomology groups. 
The connecting sequence of Theorem 20 involves the Baer-invariants, 
described by Frohlich in [5]. For the category of groups, when the variety is 
abelian groups, then the pertinent Baer-invariant is just the Schur multiplier. 
In view of the recent rekindling of interest in this topic, and the relevance 
of previous work albeit in a different categorical setting, there clearly is room 
for a paper to develop these ideas afresh-and in the context of groups. 
1. %-CENTRE,%MARGINAL SUBGROUP AND ~-CENTRAL EXTENSIONS 
B denotes a variety in the category Q of all groups. We associate with !ZJ a 
normal subfunctor V, and a quotient functor U, of the identity functor so 
that, for any group G we have U(G) = G/V(G), and G belongs to the variety 
23 if and only if V(G) = 1. U is the left adjoint of the inclusion functor 
B + 6. 
Let W denote a set of words so that, for any group G the values in G of 
the words in W generate V(G) as a subgroup of G. The B-centre P(G) of G 
is defined as follows (cf. [6, 10, 151). For w E W, of length s say, we put 
w*(G) = { g E G I w(x, ,..., ql, xi g, xi+, ,..., xs) = w(x, ,..., xs) 
for all i, and all x1 ,..., x, E G}. 
Then 
P(G)= n w*(G). 
WEW 
PROPOSITION 1 (cf. [6, 151). (i) P(G) is a characteristic subgroup of 
G. 
(ii) F(G) E 9 for every group G. 
(iii) G E % if and only if F(G) = G. 
(iv) H CI G and H n V(G) = 1 implies H 5 P(G). 
(v) [V(G), J-,=+(G)] = 1. 
EXAMPLES. When %3 = ‘u (the variety of abelian groups), then P(G) is 
the centre C(G) of G. U(G) = G,, and V(G) = [G, G]. When ‘3 = ‘91C 
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(ni~pQtent groups of class <c), then F(G) = {,( 
groups of exponent m), then P(G) consists of th 
order divides m. 
ose now that A XI E. Hall’s notion of a marginal subgroup 
d by Fr6hlich in [5] and by Coelho [6] (to categories of gro 
uitiple operators). The g-marginal subgroup V,(A /E) is defined as 
follows. 
V,(A / E) is the subgroup of E generated by the elements 
.w(x, )...) Xj-1, x,a,xi+l,..., Xs) . W(X1,.e., X$)-l, 
where 1 < i < s, x1 :..., x, E E, a E A and w E 
OPOSITION 2 (cf. [5, 6, 151). If A 4 E, then 
(i) V,(A j E) is th e eas normal subgroup T of E, co~%a~~ed in A, 1 t 
sz,ach that A/Tc P(E/T); 
(ii) V,(A / E) is the largest normal subgroup T of E such that ,for 
every ~omomor~hjsm 8: E + H with B(A) E Y*(H), we have T c ker 
(iii) V(A) c V,(A 1 E) c A n V(E); 
(iv) [A, V(E)] 2 V,(A /E); 
(v) P(E) is the unique normal subgroup of E which is maximal with 
respect to the condition V,(A / E) = 1. 
roposition 2 is essentially in ~r~bl~~b’s original 
n the context of the category of associative alge 
proofs are in [6] (for groups with multipie 
ordinary groups). Coelho goes on in [7,8] to 
central series of a group, the %-derived series, 
and ~-solvability. In this paper we shall on1 
central ex%ension. An extension 
is said to be -central if V,(A / E) = 1, i.e. if A P(E), E will be calle 
extension in B if E E 9 (which implies A, G E . The following propos 
appears in [5] (and elsewhere). 
~~O~OSIT~ON 3. (i) The extension E is 
whenever f, g: X-t E is a pair of homomorp 
1, then A E % and [A, V(E)] = 1. 
(iii) Every extension in B is a B-central extensioaz, 
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Note that to every short exact sequence E we can associate a morphism of 
sequences 
Ezl-+ A - E -G-l 
U(E) es 1 -A/V&t ] E) - E/V,@ 1 E) - G - 1 
where U(E) is g-central. The ‘B-central extensions form a full subcategory of 
the category of short exact sequences of groups, and U is the left adjoint of 
the inclusion functor. 
We now describe the Baer-invariants of the variety 9 (cf. [5]). Let l--t 
Q + F -+ G + 1 be a free presentation of G. Then the groups 
V(F) n Q 
M’(G) = V,(Q I F) ’ 
‘dG) = V,(Q 1 F) 
(1) 
are, to within isomorphism, independent of the particular presentation of G 
chosen. These are the Baer-invariants of G, and M,, P, are covariant 
functors. We have the following exact sequence 
1 -+ M,(G) + P,(G) --t G -+ U(G) -+ 1 (2) 
and in view of Proposition 2(iv), we see that M,(G) lies in the centre of 
P,(G). 
EXAMPLES. When !B = 2l, then V,(A I E) = [A,E] and M,(G) is the 
Schur multiplier of G. An %-central extension is nothing more than a central 
extension. 
When 3 = U,, then V,(A I E) is the subgroup of E generated by all 
elements of the form X-~JJ-~XJJZ~, where xEE and y,zEA. When 2J=‘91C, 
then V,(A I E) = [A, E ,..., E], with c repetitions of E. When 3 is the whole of 
the category 6, then V(G) = 1 for every G, and so M,(G) = 1 = P,(G). 
Every extension is B-central, so that the study of B-central extensions is just 
the study of ordinary extensions. 
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2. CROSSED MODULES AND OUPS 
Suppose that the group G acts on the group A (in other words we have a 
homomorphism G -+ Aut(A)), and that G’ acts on A’. A pair (q/I) of 
bomomor~bisms a: G -+ G’, ,8: A + A’ is said to be comp~~~~~e if 
/3(“a) = +‘P(a) for all x E G, sil E A, 
where Xa denotes the result of the action of x on Q. 
The group d (with the G-action) will be called a VIG-grozq if 
is a 23-central extension (A jG denotes the semi-direct product). e speak of 
G-~o~u~e if A is abelian. 
Proof? The necessity of the condition is clear. For s~ff~cie~~y~ note that 
the splitting map G + A 3 G induces a homomorphism Y(G) -+ Y(A 3 G) which 
is an isomorphism when (3) is %-central. Hence V(G) = 1 i 
P’(AJG)= 1. 
A &ossed module T-t8 S consists of groups f and rY an action of 
and a homomorphism 8 which satisfies 
uuu - 1 = 8(u), 
a(%) = s a(u) s - ’ 
for U, v E r, and s E S. A morphism of crossed modules is a ~Qmm~tative 
diagram 
T-%S 
in which (a,@ is compatible. 
EXAMPLES. Again we consider the special cases whe 
A @G-group is just a G-group and a @G-module is a 
group A is an ‘UG-module (since A must be in the variety), and is an abelian 
group A on which G acts trivially. 
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3. EXTENSIONS RELATIVE TO A VARIETY 
Consider a short exact sequence 
Erl-+A+E-+G+l. (4) 
This gives rise to a commutative diagram with exact rows 
A --+ Aut(A) --+ Out(A) - 1 
and E is said to realize 0. Im &depends on 8 alone, and not on the particular 
E which realizes 8. We take E, to be the semi-direct product AjIm &and put 
For every word w (of length s, say) we have 
for x, ,..., x, E E and a E A, where both sides of the equation are regarded as 
elements of A. This gives us 
PROPOSITION 5 (cf. [ 161). (i) V,(A 1 E) = V,(A 1 Ee). 
(ii) E is B-central if and onZy ifEe is Tkentral. 
(iii) If B is realized by a %central extension, then every extension 
realizing e is B-central. 
We can therefore speak of the homomorphism 8: G + Out(A) being ‘% 
central, meaning it is realized by some B-central extension. 
It follows from Proposition 3(ii) that if E is %-central, then V(E) s ker 0 
and so V(G) E ker 8. Hence B is the composite of the natural map G--t U(G) 
and some t9*: U(G) -+ Out(A). 
For given fixed 0 and 8” we denote by %Ext’(G, A) the equivalence 
classes of B-central extensions which realize 8, and Exth(U(G), A) denotes 
the equivalence classes of those extensions in 9 which realize B*. 
A G-action on the Baer invariant M,(G) is induced (cf. (1) and 
Proposition 2(iv)) by conjugation in F. With this action we have 
PROPOSITION 6 (cf. [ 15, 161). M,(G) is a 2lG-module. 
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OQJ This follows since 1* i&(G) -+ BANG --$ G --) 1 is 
r aim for the rest of this section is to obtain an exact s 
145: 16j) 
1 4 Ext;(U(G), A) -+ B-Ext’(G, A) -+ (5) 
is by pulling up via G + U(G). It is easily seen that the class of 
an extension 1 -+ A -+ E -+ G--t I lies in the image of Ext&(U(G), A) -a 
Ext”(G,A) if and only if V(E) nA = 1. In this case its preimage is 
equivalent to 1+ A + U(E) -+ U(G) + 1. This proves the exactness of (5) at 
Ext&(U(G), A). 
Next, we associate with each extension E z 1 -+A -+ E +’ G--p d, a 
commutative diagram 
where the vertical maps are those occurring in (2). Now &E) is a surjectiQ~ 
, 3.2]), and when E is Scentral the induced map ker P%(F) -+ A is trivial. 
e therefore obtain an exact sequence 
1 -+ ker PB(s) --f M,(E) -+ M,(G) --% A + 66) 
From Proposition 2(iii, iv) we see that 6: M,(G) --t A is a bQmomor~h~sm of 
dules. By associating the %-central extension E wltb 6 we obtain a 
-Ext ‘(G, A) -+ Horn&&(G), A) which is the one 
6) it is clear that 6 is trivial if and only if 1 4 A -+ 
is exact, i.e., V(E) n A = 1. This proves the exactness of (5 
and so we have 
e shall return to the sequence (5) in Section 8, 
4. ADMISSIBLE SEQUENCES AND ~-FOLD ~x~E~~~~~~ 
In this section we introduce the notion of an a~~~s~i~~e ~~~~e~~~, WGAI is 
due to Gerstenhaber [9], but modified in consideration of the fact that our 
cohamology is relative to a variety; Gerstenhaber’s ideas are crucial in this 
theory, and are used implicitly (as for example in (121 for groins) and 
162 ABRAHAM S.-T. LUE 
explicitly (in [17] for associative algebras, and in [13, 151 for groups). In 
this paper we retrieve Gerstenhaber’s definition when we take the variety to 
be the whole category 8. 
A 23-central admissible sequence is defined to be an exact sequence of 
groups 
l--+AP’T~S”tG--tl (7) 
with the following properties: 
(i) T is a ‘%$-group, 
(ii) A is a !XJG-group, 
(iii) the homomorphism r: S + G induces an S-action on A which 
makes p: A + T into a morphism of FJS-groups, 
(iv) T-+‘S is a crossed module. 
It follows directly from the definition that A, T E 8 and that A lies in the 
centre of T (and so A is in fact a %G-module). 
When (7) is an exact sequence in 9, that is, when in addition we have S, 
G E 9, then we call (7) an admissible sequence in 23. 
It is easy now to define n-long Fkentral admissible sequences or, for 
brevity, n-fold extensions. These are sequences of the form 
a,_1 
XE l+ALE,_,-E,-,+... 
which is the Yoneda product of a g-central admissible sequence (i.e., a 2- 
fold extension) 
l-+kera-+T-+S+G+l 
together with an exact sequence of ‘BG-modules 
14Aa.E a,_1 n-i-En--2+... -+E*+kera-t 1. 
We denote the set of such n-fold extensions by 2VC”(G, A). When G E B), 
then C,$(G, A) will denote the subset of %C”(G, A) which consists of those 
n-fold extensions which lie in % (i.e., for which T, S E 23). 
A morphism of admissible sequences Z + X’ is a commutative diagram of 
group homomorphisms 
COHOMOLOGY OFGRWJPS 163 
where (& &) are compatible, i = 2 ,..., n and (CO, c,) is a morphism of crossed 
modules. 
When < and r, are identity maps then X and 2:’ are said to be equivalent. 
This relation propagates an equivalence relation on -C”(G: A) (respectively, 
C”,(G, A)) and the set of equivalence classes SQ obtained is denoted by 
Ext”(G, A) (respectively, ExtG(G, A)). 
~erste~haber has already indicated how to define a ditisn of equivalence 
classes of admissible sequences. When the sequences -central, then so is 
their sum. In an obvious way this can be exten ion of equivalence 
classes of n-fold extensions. Suppose that are both n-fdd 
extensions, with A = A’ and G = G’, which admit the same G-action on A. 
Then the sum of their classes is the class of the sequence 
ere, K is the kernel of the multiplication ma A XA-+A, and SXG 
the fibred product of t: S--f G, r’: S’ --P G’ (Le., S X, S’ = {(s, s’) 1 z(s) = 
r’(s’>}>. It is straightforward to check that r ’ is a B(% xF F)-grsup, 
and in fact that (8) is another n-fold extension h this addition we have 
ROPQSITION 8. %?-Ext”(G, A) (and Ext;(G,A) w 
~~e~~~~ group. 
5. GENERIC RESOLUTICBNS 
Following Barr [l], a long sequence will be called generic if it admits a 
morphism to every long sequence with the same right-hand end point. The 
existence of generic sequences was proved in ]17] for the category of 
associative algebras. The proof given here for groups is an adaptation of that 
proof, except that here matters are simpler since we can use the notion of a 
Jree crossed module (cf. [3]). It was the analogue of a free crossed mo 
that was used in f17], except it was not given a name. ~~e~itabl~~ the proof 
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is along the same lines as Huebschmann’s [ 131, except that, once again, ours 
is relative to a variety. To get Huebschmann’s work we only have to take the 
variety to be 6. 
PROPOSITION 9. Generic Scentral admissible sequences exist. 
ProojI Let I+ Q -+ F -+ G + 1 be a free presentation of G, and put P = 
F/V,(Q 1 F). Take R -+ Q/V,(Q 1 F) to be an epimorphism with R a free 
group, and denote by i: R --f P the induced homomorphism. Let H + P be the 
free crossed module on i. Specifically, H can be expressed as having 
generators P X R, and relations 
(Ply ~J(P,, r2)(pl, rJ’ = (P1 . i(rJ .P;’ .p2, r2), 
where p, pl, pz E P and r,, rz E R. The homomorphism H-t P is the 
composite of j: H -+ R given by (p, r) + pr, together with i: R -+ P. 
We note that H is not necessarily a Z?P-group. However we have a 
commutative diagram 
I- H -iHjP-+P--+ 1 
I ii I I 
l-+Q/V,(QlF)- P -G-l 
in which the middle vertical map is given by (h, p) -+ u(h) . p. Since the 
lower row is %-central, it follows that ij(V,(H 1 H3P)) = 1. We therefore 
obtain a quotient crossed module K --tk P of the free crossed module H + P 
by taking K to be H/V,(H / HIP) and k to be the induced map. Moreover, 
the induced P-action on K makes K into a ‘8P-group. It is straightforward 
now to check that 
l-kerk---+Kk.P--+G---+l (9) 
is a s-central admissible sequence. 
For example, to show that ker k is a BG-group (where the G-action is via 
P), we observe that 
V,(ker k 1 ker kjG) = V,(ker k) ker kjP) 
and that the ‘B-centrality of 1 -+ K + KjP --) P -+ 1 implies the B-centrality of 
l-+kerk+kerk~IP+P+l. 
Finally, we must show that (9) is generic. To this end, let 1 -+A --f T-1 
S +7 G -+ 1 be any other g-central admissible sequence with G as right-hand 
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end point. Using the fact that F is free, we can find homomor 
-9 T which make 
R---+P--+G--+1 
1 1 I/ 
l-A-T-S-G-1 
commute. Using the universal property of the free crossed module 
obtain a morphism 
I 
I i 
T-S 
of crossed modules. Furthermore, since T is a S-group, this gives us a 
morphism of crossed modules 
K---+B 
i 1 
T-S 
which then induces the required morphism of adrniss~~~e sequences 
I-kerk-K-P-G-1 
i I i /I 
l- A ----+T-S-G-1. 
is taken to be the free group on the 
en the elements (I, q> with 4 C, 
generators of the free crossed module H--f P (cf. [3: 19 1)~ 
COROLLARY 10. There exist n-fold generic e~te~si~~§. ( 
such an extension is called a generic ~eso~~tio~ of G,) 
Proof. The desired n-fold extension is the Yoneda pro 
admissible sequence (9), with an exalt sequence 
l+M+M,-,+ OS* -+M2+kerk+ % 
of FIG-modules where M2,..., M,- 1 are projective G-modules. It is clear 
that the category of %G-modules contains s~~c~en~ ~r~j~~t~ves~ 
166 ABRAHAM S.-T. LUE 
PROPOSITION 11. K,, has an induced G-module structure which makes it 
a projective BG-module. 
ProoJ That K,, is a 93GG-module follows since we have a commutative 
diagram 
I--+ K - KIP -P-l 
1 i I 
l-K,,-KJG-G-1 
where the vertical maps are surjective, and so the B-centrality of the upper 
row implies ‘B-centrality of the lower. The proof of the projectiveness can be 
left as an exercise. 
PROPOSITION 12. If 0 + A’ + A --t A” -+ 0 is an exact sequence of 23G- 
modules, then 0 --t Der(P, A’) -+ Der(P, A) + Der(P, A”) + 0 is exact. 
ProoJ: Der(P, A) denotes the abelian group of derivations from P to A 
(the P-action on A is via P -+ G). To show that Der(P, A) -+ Der(P, A”) is 
onto, note that we have a commutative diagram 
l+A-Alp--+P-1 
I I I/ 
l-A”-ANIP-P-l 
(10) 
where the vertical maps are epimorphisms. Each element of Der(P, A”) gives 
rise to a homomorphism P+ ANIP, and hence a homomorphism F-t AIP 
with the usual properties. The assertion follows when we observe that, since 
the rows of (10) are B-central, then (cf. Proposition 3(i)) the kernel of a 
homomorphism F--t A3P will contain V,(Q 1 F) whenever the composite F-+ 
Alp-1 P is the natural map F-t P. 
6. COHOMOLOGY GROUPS !?MI”(G,A) 
Let . . . -4M,+kf,-,+ *.- -+M,+K-+“P-+G-+ 1 be a generic 
resolution of G, and let A be a BG-module. Consider the complex 
Der(P, A) -+ Hom,(K,, , A) + Horn&W,, A) 
-+Hom,&W~,A)+ . . . . (11) 
For q E Der(P, A), the composite yo: K + A is a homomorphism of groups 
which factorises through K -+ K,, by some q: K,, + A, say. Then 4 is the 
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in (11). The third map in (11) is o by composing with 
enote by WY’(G, A) the nth cohomology group of t 
The proof of the following theorem is fairly standard (cf. [ I] > and we omit it. 
THEOREM 13. 
xt’(G, A),fog. n > I. Also, 2%@(G, A) is ~~t~~a 
It follows from this theorem that 
particular choice of generic resolution 
in view of Proposition 12, we deduce 
SITION 14. If O-+A’-+A-+A”-+O is an 
then there are connecting homom~~p~~s~s s 
er(G, A’) + Der(G, A) + Der(G, A”) 
-+ 2%Ext’(G, A’) -+ B-Ext”(G, A) --) 
-+ ..a 
4 %Ext”(G, A’) -+ %Ext”(G, A) -+ XlqG, A ‘,> -+ . . . 
is exact. 
7. C~H~M~L~GY GROUPS 
hen G is a group in the variety B), we can likewise define generic 
resolutions in B. If 1 --.Q + F + G + 1 is a free presentation of 6, we can 
always start off a generic resolution in 13 of G with the maps U(F) 3 G --) 1, 
~~rres~o~di~g to Proposition 12 is 
ROPOSITION 15. If GE8 and l$ O+A’+A-+ 
eme of a)G-modules, then 
is an exact 
0 -+ Der( U(F), A’) -+ Der( U(F), A > -+ 
is exact. 
e proof is on similar lines to the proof of 
that (from Proposition 4) the semi-direct product AjU(F) lies in 25. 
The nth cohomology group obtained from the complex ~orrespo~di~~ to 
(1 Ij9 using a generic resolution in 3, is denoted by HG( 
analogues for Theorem 13 and Proposition 14, viz., 
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THEOREM 16. There are, for G E 23, natural isomorphisms of Hi(G, A) 
with Ext{(G, A), n > 1, and of@,(G, A) with Der(G, A). 
PROPOSITION 17. Let G E 23, and suppose that 0 -+ A’ -+ A + A” + 0 is 
an exact sequence of BG-modules. Then there are connecting 
homomorphisms such that 
0 -+ Der(G, A’) --f Der(G, A) --f Der(G, A”) 
+ Ext;(G, A’) + Ext;(G, A) -i Ext;(G, A”) 
-+ Ext;(G, A’) -i Ext;(G, A) -+ Ext;(G, A”) + . . . 
is exact. 
8. THE CONNECTED SEQUENCE IN THE FIRST VARIABLE 
We saw in Section 3 that every 23G-module A is a B)(G)-module. 
Moreover, the relationship between 2%Ext’(G, A) and Exti(U(G), A) is 
exhibited in the exact sequence (5). This section is concerned with extending 
(5) to give an infinitely long connected sequence in the first variable 
(Theorem 20). Such a sequence was obtained in [ 171 for associative 
algebras, and a similar one for the category of group pairs was shown by 
Frohlich in [4, Theorem 2.61. If we take our variety to be ?I, then our 
Theorem 20 becomes a special case of Frohlich’s. 
In passing we might mention that, in view of Proposition S(iii), 21- 
Ext’(G, A) = B-Ext’(G, A). Thus the five-term exact sequence of [15, 
Theorem 3.11 becomes, in our notation 
0 + Exti(U(G), A) + %Ext’(G, A) -+ Hom,(Mn(G), A) 
-+ Ext;(U(G), A) + 0%Ext*(G, A) 
and this explains why Leedham-Green and McKay could not naturally 
extend this live-term sequence. 
Every short exact sequence 1 + A --f E + G -+ 1 of groups naturally gives 
rise to an admissible sequence in 9, viz., 
1 j VEInA A 
V,(A 1 E) + V,(A 1 E) + U(E) + U(G) -+ ’ 
where the actions are the obvious ones. In particular, if we take a free 
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~~esc~tatio~ I -+ Q -+ F-i G -+ 1 of G, then we obtain the a~rn~s§ib~~ 
sequence in 
1 -i M,(G) i Q 
Vl(Q IF> 
4 U(F) 4 U(G) 4 I (“2) 
whose class in Ext;(U(G), M,(G)) is inde~e~dcnt of the choice of free 
presentation of G. 
LEMMA 18. If A is a %G-module then 
(0 er(G, A) = Der(U(G), A); 
(ii) e@‘/Vl(Q I F), A) = Der(U(F), A). 
Proof. Let a E Der(G, A), and consider the two ma s (a, l), (0, I): 64 
A 36. From Proposition 3(i) it follows that V(a, 1) = V(O, I), and so 
aV(G) = 1. This shows that Der(U(G), A) -+ Der(G, A) is onto. That it is 
one-one is clear. The second part of the lemma follsws from the first. 
Take a generic resolution in 2? of U(G), starting with U(F) 
. . . -3 Y*aF, Y,A U(F)+ U(G)4 E, (13:: 
and let 
be a projective resolution of M,(G) in the category 
(13) is generic, we obtain a morphism of admissible s 
82 ,“. - y* + y, a, U(F) -----t U(G) ------) 1 
1 12 I 51 11 /I (14) , 
l---f WAG> -L Q/V,( + U(F)- U(G)- 1. 
Define (,:X1 x Y, 4 Q/V,(Q 1 F) by the equation Cl(xs y) = i6,(x) * 4’,(y). 
Then Ci is a homomorphism of groups since (Proposition %(iv)> B(G) is 
Q/V,(Q 1 FJ Also, 1 + ker dI + ker 5, --P ker 8, + I is exa 
I1 prove later that 
170 ABRAHAM S.-T. LUE 
We now have the following commutative diagram whose rows and 
columns are exact. 
I 1 1 
l--t X* - x*x Y, - Y, - 1 
1 I I 
I----+ x, - x,x Y, - Y, - 1 
1 I I 
l--t %dG) - Qlv,(Q I I;> - Q/V> F--I Q - 1 
I I I 
1 1 1 
This induces, for any BG-module A, the exact sequence of complexes and 
translations (cf. Lemma 18) 
0 0 0 
I ! I 
O--1 WW), A) - Hom,((Y,),,,A) --P Hom,(Y,,A) -. . 
I I I 
O~Der(F/V,(QjF),A)~Hom,((X,xY,),,,A)--,Hom,(X,xY,,A)--i.. 
I I I 
O+ 0 - Hom,(X,,A) --+ Hom,(X,,A) ---P.. . 
I I I 
0 0 0 
Using standard results of homological algebra therefore, we obtain 
THEOREM 20. The sequence 
0 + ExtA(U(G), A) -+ B-Ext’(G, A) 4 Horn&&,(G), A) 
+ Ext;(U(G), A) + %Ext*(G, A) -+ Ext;(M,(G), A) 
-+ . . . 
+ Ext;S(U(G), A) + %Ext”(G, A) + Ext;-‘(M,(G), A) -+ . . a, 
where Ext, denotes the derived functor of Horn,, is exact. 
Proof of Proposition 19. Since the %G-modules are precisely the MU- 
modules, then X2 x Y,, X3 x Y, ,... are projective BG-modules. The action of 
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is that induced by the homomor 
+ G and FfV,(Q 1 F) + U(F), and this makes X, x Yi 
)-group. It is easily checked that (15) is an admissible reselution 
To show that (15) is generic, take any admissible sequence 1 --I A -+ T-s” 
S -+ G + 1 with G as right-hand term. Since 1 -+ ma4s-+G+l is 93 
P is a free group, we obtain a comrn~t~tiv~ diagram 
QW the image of the composite map M&G)--+’ 
contained in V(S) n Im 8: and so (from Proposition 2(iv) and the fact that T 
is a %-group) Im ai has trivial action on T. rice iTi( ai) lies in the 
centre of T, and can therefore be regarded as a -module. e can therefore 
complete the diagram 
Xl --fJ-+ M,(G) 
Ia 
a-‘(Crn ai) 
I 
ni 
- 1ma. 
We now describe the ‘“suitably chosen” generic r~sol~t~o~ in 23 (13). This 
is the one analogous to that described in the proof of 
right-hand end of (13) arises from the exact sequence 
+ U(G) -+ 1. Take a free presentation 
V(F) n Q, and let H* + U(F) be the free 
momorphism R* --f U(F). We then take Y, to be 
to be the induced map. This gives us 
1 --+ ker 8, --t Y, -+ U(F) -+ U(G) -+ 1, 
which is a generic admissible sequence in e Y2;, YX ,... are taken to be 
suitable projective ‘BG-modules. 
Consider the commutative diagram 
Q/V,<Q IF> - Q/W’+ 
i 
a 
T- Imf? - ---++ U&Y)* 
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This shows us that, as R* is a free group, we can complete the diagram 
R” - U(F) 
I 
1 
i- 
I 
- U(S). 
Observe that T-+ U(S) is a crossed module (since the action on T of V(S) is 
trivial), and so we have an induced morphism 
H* --+ U(F) 
I 1 
T ---i U(S) 
of crossed modules, which in turn induces a morphism 
(Y,=) U(H*) - U(F) 
I@ 1 
T -U(S) 
of crossed modules. The desired homomorphism X, x Y, -+ T is that defined 
by (x, y) -+ A(x) . p(y). This takes the diagram (16) one step further to give 
. . . -x,xr,-x,xY,-F/V,(Q/F)-G-1 
I I II 
I- A - T - S -G-l. 
The rest of the proof is now straightforward. 
Note. The phrase “suitably chosen” in Proposition 19 is unnecessary. 
9. THE VANISHING OF !&Ext”(G, A) AND Exti(G, A) 
The crucial part of Huebschmann’s work [ 131 and Holt’s work [ 121 was 
tying up the cohomology groups obtained by them with the classical 
cohomology. This was a deficiency of [17], where no such attempt was 
made. The following proofs are essentially due to Holt. 
PROPOSITION 21. If A is an injective %G-module, then ‘I)-Ext”(G, A) = 0 
and (when G E 3) Extg(G, A) = 0 for n > 2. 
It follows from this and from Proposition 14. that, when B = 6, the 
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~o~orno~og~ groups of our theory coincide wit the classical cohomology 
groups. 
EERan4A 22 (cf. [ 12, Proposition 2.7(ii)]). EM-y -central admi§s~ble 
sequence (and, when G E 23, admissible sequence in ) 1-?A+T-+s”-4 
G -+ 1 is equivalent to one of the form 1 -+ A 4 T’ * S’ --+ G -+ 1 where T’ t:s 
abe~~a~ (and hence is a %Gmodule). 
Prooj Take a free presentation 1 --f Q --t F 4 6 -3 1 of 6 and consider tk 
induced commutative diagram 
I--PA- T 
Put S” = F/V,@ 1 F) and T” = A X Q/V,(Q / Fj. Then S” acts on T” since it 
acts on A (via n> and on Q/V,@ IF) (via ~onj~gatio~~~ 
morphism of admissible sequences 
l-A---+ T----+ S-6--+1. 
We observe that A n [T”, T”] = 1, and so we ta e T’ = T$ and S’ = 
S”/P[T”, T”], to get the desired admissible sequence. When G E and we 
are considering admissible sequences in B), the proof is analogous to the 
above proof, except that we take S” = U(F) and T” = A X Q/V(F) IT? Q. 
The proof of the proposition is now standard. 
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